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Abstract
In this paper, an extended Klein-Gordon field system is introduced in 3 + 1 di-
mensions. It leads to a single zero rest-mass non-topological solitary wave solution. It
is shown that this special massless solitary wave solution is energetically stable, that
is, any arbitrary deformation above its background leads to an increase in the total
energy. In other words, its energy is zero and is a minimum among the other solutions.
Hence, it can be called a massless soliton solution. For such a massless solution, if
it is considered a rigid object, the influence of any tiny interaction causes its speed
approaches the speed of light immediately. Moreover, we introduce another model to
show how the extended Klein-Gordon model can behave as a stability catalyzer, and
guarantees the stability of a non-zero rest-mass solution.
Keywords : zero rest-mass, massless, soliton, solitary wave, extended Klein-Gordon,
energetically stability, stability catalyzer.
1 Introduction
The soliton and solitary wave solutions of the relativistic classical field theory has been a
matter of interest in recent decades. They, in many respects, behave like real particles and
satisfy the relativistic energy-momentum relation properly [1–4]. Solitons are the stable
solitary wave solutions with localized energy density functions1. Solitary wave solutions
are divided into two groups based on their boundary behavior at infinity: topological and
non-topological. Topological solitary wave solutions are inevitably stable and then all
of them would be solitons. In 1 + 1 dimensions, the well-known topological solitons are
kinks and anti-kinks of the real nonlinear Klein-Gordon (KG) systems [1, 4–29]. In 3 + 1
dimensions, the solitons of the Skyrme model [4, 30–33] and magnetic monopole solution
of the ’t Hooft Polyakov model [1,4,34–37] are the well-known topological solutions of the
nonlinear relativistic classical field systems. In general, there is a vast literature on the
topological solitons, for example, one can see [38] and the references therein.
For non-topological solitary wave solutions, since they have no dependence on bound-
ary conditions, there were introduced different criteria for the stability considerations. The
most famous relativistic non-topological solitary wave solutions are Q-balls [27,39–54]. For
Q-balls, three stability criteria were introduced: the classical, the quantum mechanical and
the fission criteria [40–44,55–59]. But, the most important criterion for the non-topological
solitary wave solutions is the classical one [40–44,55–61] which is based on studying the dy-
namical equations for the small fluctuations above the background of the non-topological
solitary wave solution. Above all, if one can prove that for any arbitrary deformation in
∗Corresponding Author.
1According to some well-known references such as [1], the stability is just a necessary condition for a
solitary wave solution to be a soliton; more precisely, a solitary wave solution is a soliton if it reappears
without any distortion after collisions. In this paper, we only accept the stability condition for the definition
of a soliton solution.
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the internal structure of a (non-topological) solitary wave solution, the total energy al-
ways increases, undoubtedly it is an energetically stable solution. For such an energetically
stable solution, the rest energy is at minimum among the other (close) solutions [62–66].
For example, the kinks (anti-kinks) as the well-known topological solitary wave solutions
of the real nonlinear KG systems are inevitably energetically stable [1, 62]. In fact, the
energetically stability criterion is at a higher level than the classical stability criterion. In
other words, if a solitary wave solution is energetically stable, it would be undoubtedly a
classical stable solution as well.
All relativistic soliton and solitary wave solutions that have been introduced so far,
have non-zero rest-masses. However, is it possible to have a relativistic soliton solution
with zero rest-mass? Moreover, any particle which moves at the speed of light, must be
massless. Nevertheless, is the inverse of this statement absolutely valid? That is, does
any massless particle-like entity (soliton) has to move at the speed of light? In other
words, is it possible to have a zero rest-mass particle-like entity which be at rest or can be
found at any arbitrary velocity? Mathematically, if we use the classical relativistic field
theory with soliton solutions, our answer may be slightly different! In [63], it was shown
that the existence of a non-moving massless soliton solution can be possible theoretically
in 1 + 1 dimensions. In this paper, we also show that the existence of the relativistic
massless solitons in 3 + 1 dimensions are theoretically possible. In fact, any massless
particle in response to any amount of force, no matter how tiny, accelerates to the speed
of light immediately provided it is considered a non-deformed rigid object. However, such
a special particle-like solution cannot be really rigid, and its rest-mass cannot be absolutely
zero, so it is not possible to move exactly at the speed of light practically.
In [63], a non-topological zero rest-mass soliton solution of an extended KG system was
introduced in 1 + 1 dimensions. Briefly, for a set of real scalar fields φj (j = 1, 2, · · · , N),
the extended KG systems have Lagrangian densities which are not linear in the kinetic
scalars [63–66]. The kinetic scalars are different contractions of the scalar field derivatives,
i.e. Sij = ∂µφi∂µφj . In general, such Lagrangian densities can be called non-standard
Lagrangian (NSL) densities too [67–72]. There are many works which deal with such
systems among which one can mention the works of Riazi et al. [73, 74] and El-Nabulsi
[70–72]. Moreover, in cosmology, the NSL are used to describe dark energy and dark
matter [47,75–78]. Nevertheless, major works that have been done so far with relativistic
solitary wave and soliton solutions, are the standard nonlinear KG (-like) systems; that is,
the systems which their Lagrangian densities are linear in kinetic scalars. One can name
the systems in 1+1 dimensions with kink (anti-kink) [1,4–10,12–29] and Q-ball [27,39–54]
solutions as good examples of the standard nonlinear KG systems.
In this paper, in line with [63], we introduce an extended KG Lagrangian density in 3+1
dimensions with a single massless non-topological solitary wave solution. In the first step,
we show that using the same Lagrangian density which was introduced in [63] does not
lead to a single massless solitary wave solution in 3+1 dimensions. Thus, for this purpose,
we have to introduce a new Lagrangian density with three new additional scalar fields.
It will be shown that the massless solitary wave solution is energetically stable; meaning
that, any arbitrary deformation above its background leads to an increase in the total
energy, therefore we can call it a (massless) soliton solution. This main property would
be confirmed by the fact that the massless solitary wave solution is single and all terms
in the energy density functional are positive definite. It is also worth noting that such an
extended model, which yields a single massless entity, may be considered as the stability
catalyzer for another unstable particle-like solution in a model with a standard Lagrangian
density [64–66]. In other words, it behaves like a massless almost non-deformable skeleton
for a particle-like solution, that guarantees its stability.
We do not claim that this kind of particle-like entity necessarily exist in the universe.
However, it is not virtually simple to detect such stable particle-like structures in the real
world since their energy is zero. Their existence can be recognized if we can detect changes
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in the velocity or deviation of a real particle in interaction with them. If we consider such
beings to be rigid, since they have zero rest-mass and their energy is practically zero at
any speed, they can be affected in interactions but not influence the environment, thus
they may not be recognizable at all. However, they are not really rigid and their internal
structure changes slightly during the interactions, meaning that they can temporarily
absorb energy and affect the environment. Thus, depending on how much energy they
can absorb, there may be a way to discover them. In other words, such a stable massless
particle-like structure can be considered as a new state of the vacuum, which behaves like
a bump on the way of the real particles. Furthermore, we think that the existence of such
particles may be a way for the idea that real particles can exchange information almost
without consuming energy, that is, they may be considered as the information transmitter.
In fact, the important motivation for writing this paper is the existence of several concerns
about the fundamental understanding of particles in quantum theory. For example, the
most important question is why should there be the Planck’s constant ~ the same value
for all particles in the universe? Trying to answer these questions has motivated us to
develop a series of new mathematical tools first, and this article is an important step
in this direction. In this regard, we will show how by coupling an extended KG system
with an ordinary complex KG system leads to a non-zero rest-mass energetically stable
particle-like solution. In fact, the extended KG system behaves as a stability catalyzer for
the special solution, that is, it guarantees the stability of the special solution and does not
appear in any of the observable.
The organization of this paper is as follows: In the next section, we will consider
an extended KG model in 3 + 1 dimensions as a toy model which does not lead to a
single massless solitary wave solutions. In section 3, a new extended KG system in 3 + 1
dimensions will be introduced that yields to a single massless solitary wave solution. In
section 4, we will introduced another model with a non-zero rest-mass energetically stable
solution. The last section is devoted to summary and conclusions.
2 An extended KG system, a toy model
According to the same extended KG model in 1 + 1 dimensions which was introduced
in [63] and led to a single massless solitary wave solution, one can think about the modified
version of that in 3 + 1 dimensions. In other words, exactly the same Lagrangian density
which was introduced in 1 + 1 dimensions (Eq. 15 in [63]) for two scalar fields φ1 = R and
φ2 = θ, now is used again here:
L =
3∑
i=1
K3i , (1)
where
K1 = R2[S22 − 2], (2)
K2 = R2[S22 − 2] + [S11 − 4R4 + 4R3], (3)
K3 = R2[S22 − 2] + [S11 − 4R4 + 4R3] + 2R[S12], (4)
in which, S11 = ∂µR∂µR, S22 = ∂µθ∂µθ and S12 = ∂µR∂µθ are the allowed kinetic scalars.
Now, the main modification is that the kinetic scalars are defined in the 3 + 1 di-
mensions; namely, S11 = ∂µR∂µR = (∂R∂t )2 − (∇R)2 and so on. Thus, all the equations
of motion and the energy density relations (i.e. equations (19)-(26) in [63]) would be ob-
tained again provided one changes R′ and θ′ (i.e. the x-derivative of the module and phase
field) to ∇R and ∇θ, respectively. In [63], it was shown that the existence of a massless
solitary wave solution is possible if for that all Ki’s (i = 1, 2, 3) to be zero simultaneously.
Hence, for Ki = 0 (i = 1, 2, 3) there was just a unique non-trivial common solitary wave
solution as follows:
R(x) =
1
1 + x2
, θ(t) = ±
√
2t. (5)
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In the 3 + 1 dimensions, the required conditions Ki = 0 (i = 1, 2, 3) lead to the following
covariant partial differential equations (PDE):
∂µθ∂
µθ = θ˙2 − (∇θ)2 = 2, (6)
∂µR∂
µR = R˙2 − (∇R)2 = 4R4 − 4R3, (7)
∂µR∂
µθ = θ˙R˙− (∇θ · ∇R) = 0, (8)
where, dot indicates time derivative. In general, since there are three independent PDE’s
(6)-(8) just for two scalar field R and θ, mathematically the existence of the common
solutions is severely restricted. However, for the static massless solutions, for which θ(t) =√
2t and R = R(x, y, z), PDE’s (6) and (8) are satisfied automatically, and PDE (7)
reduced to
(∇R)2 =
(
∂R
∂x
)2
+
(
∂R
∂y
)2
+
(
∂R
∂z
)2
= 4R3 − 4R4. (9)
If we restrict ourself to the 1 + 1 version of the model (1), the pervious Eq. (9) is reduced
to (
dR
dx
)2
= 4R3 − 4R4, (10)
in which R = R(x). It is easy to show that the nonlinear ordinary differential equation (10)
has just a unique non-trivial solution R = 1/(1 + x2), i.e. the same which was introduced
in Eq. (5). But, in the 3 + 1 version of the model (1), the nonlinear PDE (9) has infinite
solutions. For example, one can mention the followings:
R(r) =
1
1 + (r + ξ)2
, (11)
R =
1
1 + x2
, R =
1
1 + y2
, R =
1
1 + z2
(12)
R =
1
1 + x2 + y2
, R =
1
1 + x2 + z2
, R =
1
1 + y2 + z2
, (13)
where r =
√
x2 + y2 + z2 and ξ is any arbitrary real number. According to Eq. (11),
related to different values of ξ, different degenerate massless solutions can be obtained in
3 + 1 dimensions. In 1 + 1 version of this model (1), the static solution (11) is reduced to
R = 1
1+(x+ξ)2
, but it is nothing more than a space translation in (5) and essentially can
not be considered as a new special massless solution. Note that, the special solutions (12)
and (13) are non-localized and can not be physically interesting.
In [63], or in the same 1 + 1 version of the model (1), the main idea which guides
one to conclude the special solitary wave solution (5) is a (massless) soliton solution, is
that three PDE’s (6)-(8) are completely independent and they have just a unique non-
trivial common solitary wave solution (5). Thus, we ensure that (5) is a single massless
solution with the minimum energy among the other solutions of the system (1). In other
words, for any arbitrary variation above the background of the single massless solution
(5), the total energy always increases, i.e. it is energetically stable and then can be called
a soliton solution. But, in 3 + 1 version of the model (1), due to the non-existence of a
unique non-trivial common solution for PDE’s (6)-(8), then, there is not a massless soliton
solution at all. In fact, for PDE’s (6)-(8), there is a continuous range of common solutions
(11) which are all the degenerate massless solutions of the system (1). Hence, they can
not be called the soliton solutions, because their profiles can be changed without any
consume of energy, i.e. there is not a stable massless solution at all. Accordingly, using
two scalar fields R and θ in the 3 + 1 version of the model (1), does not lead to a unique
(massless) common solitary wave solution for three PDE’s (6)-(8). In the next section we
will introduce another extended KG system with three new dynamical fields ψ1, ψ2 and
ψ3 to overcome this problem.
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3 An extended KG system with a single massless solution
in 3 + 1 dimensions
For five real scalar fields φ1 = R, φ2 = θ, φ3 = ψ1, φ4 = ψ2 and φ5 = ψ3, we can propose
a new extended KG system in the following form:
L = B
12∑
i=1
K3i , (14)
where B can be any arbitrary positive number, and
K1 = R2S2, K2 = R2S2 + S1, K3 = R2S2 + S1 + 2RS3,
K4 = R2S2 + S4, K5 = R2S2 + S5, K6 = R2S2 + S6,
K7 = R2S2 + S4 + S5 + 2S7, K8 = R2S2 + S4 + S6 + 2S8,
K9 = R2S2 + S5 + S6 + 2S9, K10 = R2h1S2 + S1 + S4 + 2S10,
K11 = R2h2S2 + S1 + S5 + 2S11, K12 = R2h3S2 + S1 + S6 + 2S12, (15)
in which hj = [2 +
1
2(bj − 1)2], bj = 2ψj(2R− 1) (j = 1, 2, 3), and
S1 = S11 − 4R4 + 4R3, S2 = S22 − 2, S3 = S12, S4 = S33 +R2 − 4R2ψ21,
S5 = S44 +R2 − 4R2ψ22, S6 = S55 +R2 − 4R2ψ23, S7 = S34 − 4R2ψ1ψ2,
S8 = S35 − 4R2ψ1ψ3, S9 = S45 − 4R2ψ2ψ3, S10 = S13 − b1R2,
S11 = S14 − b2R2, S12 = S15 − b3R2, (16)
where S11 = ∂µR∂µR, S22 = ∂µθ∂µθ, S12 = ∂µR∂µθ, S33 = ∂µψ1∂µψ1, S44 = ∂µψ2∂µψ2,
S55 = ∂µψ3∂µψ3, S13 = ∂µR∂µψ1, S14 = ∂µR∂µψ2, S15 = ∂µR∂µψ3, S34 = ∂µψ1∂µψ2,
S35 = ∂µψ1∂µψ3 and S45 = ∂µψ2∂µψ3 are some allowed kinetic scalars which are used to
introduce the new extended KG model (14).
Using the Euler-Lagrange equations, one can obtain the dynamical equations easily:
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µR)
+Ki∂µ
(
∂Ki
∂(∂µR)
)
−Ki∂Ki
∂R
]
= 0, (17)
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µθ)
+Ki∂µ
(
∂Ki
∂(∂µθ)
)]
= 0. (18)
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µψj)
+Ki∂µ
(
∂Ki
∂(∂µψj)
)
−Ki∂Ki
∂ψj
]
= 0, (j = 1, 2, 3). (19)
It is obvious that the sets of functions R, θ and ψj (j = 1, 2, 3) for which Ki’s (i =
1, 2, · · · , 12) to be zero simultaneously are the special solutions (i.e. the massless solutions)
of the new extended system (14). Note that, since Ki’s are twelve independent linear
combination of twelve independent scalars Si’s, it is easy to understand that the conditions
Ki = 0 are equivalent to Si = 0 (i = 1, 2, · · · , 12). The energy-density belongs to the new
extended Lagrangian-density (1), would be
ε(x, t) = T 00 =
12∑
i=1
εi = B
12∑
i=1
K2i [3Ci −Ki] , (20)
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which are divided into twelve distinct parts, in which
Ci =
∂Ki
∂θ˙
θ˙ +
∂Ki
∂R˙
R˙+
3∑
j=1
∂Ki
∂ψ˙j
ψ˙j =

2R2θ˙2 i=1
2(R˙2 +R2θ˙2) i=2
2(R˙+Rθ˙)2 i=3.
2(ψ˙1
2
+R2θ˙2) i=4.
2(ψ˙2
2
+R2θ˙2) i=5.
2(ψ˙3
2
+R2θ˙2) i=6.
2(ψ˙1 + ψ˙2)
2 + 2R2θ˙2 i=7.
2(ψ˙1 + ψ˙3)
2 + 2R2θ˙2 i=8.
2(ψ˙2 + ψ˙3)
2 + 2R2θ˙2 i=9.
2(R˙+ ψ˙1)
2 + 2h1R
2θ˙2 i=10.
2(R˙+ ψ˙2)
2 + 2h2R
2θ˙2 i=11.
2(R˙+ ψ˙3)
2 + 2h3R
2θ˙2 i=12.
(21)
After a straightforward calculation we obtain:
ε1 = BK21[5R2θ˙2 +R2(∇θ)2 + 2R2], (22)
ε2 = BK22[5R2θ˙2 + 5R˙2 +R2(∇θ)2 + (∇R)2 + U(R)], (23)
ε3 = BK23[5(Rθ˙ + R˙)2 + (R∇θ +∇R)2 + U(R)], (24)
ε4 = BK24[5R2θ˙2 + 5ψ˙1
2
+R2(∇θ)2 + (∇ψ1)2 +R2 + 4R2ψ21], (25)
ε5 = BK24[5R2θ˙2 + 5ψ˙2
2
+R2(∇θ)2 + (∇ψ2)2 +R2 + 4R2ψ22], (26)
ε6 = BK26[5R2θ˙2 + 5ψ˙3
2
+R2(∇θ)2 + (∇ψ3)2 +R2 + 4R2ψ23], (27)
ε7 = BK27[5R2θ˙2 + 5(ψ˙1 + ψ˙2)2 +R2(∇θ)2 + (∇ψ1 +∇ψ2)2 + 4R2(ψ1 + ψ2)2], (28)
ε8 = BK28[5R2θ˙2 + 5(ψ˙1 + ψ˙3)2 +R2(∇θ)2 + (∇ψ1 +∇ψ3)2 + 4R2(ψ1 + ψ3)2], (29)
ε9 = BK29[5R2θ˙2 + 5(ψ˙2 + ψ˙3)2 +R2(∇θ)2 + (∇ψ2 +∇ψ3)2 + 4R2(ψ2 + ψ3)2], (30)
ε10 = BK210[5h1R2θ˙2 + h1R2(∇θ)2 + 5(R˙+ ψ˙1)2 + (∇R+∇ψ1)2 + V (R,ψ1)], (31)
ε11 = BK211[5h2R2θ˙2 + h2R2(∇θ)2 + 5(R˙+ ψ˙2)2 + (∇R+∇ψ2)2 + V (R,ψ2)], (32)
ε12 = BK212[5h3R2θ˙2 + h3R2(∇θ)2 + 5(R˙+ ψ˙3)2 + (∇R+∇ψ3)2 + V (R,ψ3)], (33)
where
U(R) = 4R4 − 4R3 + 2R2, (34)
and
V (R,ψj) = U(R) + 2R
2 +R2b2j + 4R
2ψ2j , (j = 1, 2, 3). (35)
Both U(R) and V (R,ψj) are positive definite monotonically increasing functions and
bounded from below by zero. Thus, all terms in Eqs. (22)-(27) are positive definite and
then the energy density function (72) is also bounded from below by zero.
As we said before, a special solution with zero rest-mass would be possible if Si’s,
(or equivalently Ki’s) are zero simultaneously. But, mathematically since there are twelve
independent conditions Si = 0 as twelve independent coupled PDE’s just for five scalar field
R, θ and ψj (j = 1, 2, 3), therefore, we do not expect them to be satisfied simultaneously
in general. However, we build the new extended KG system (14) in such a way that there
is a single massless solution exceptionally, for which Si = 0, as follows:
R =
1
1 + r2
, θ = ±
√
2t, ψj = ± x
j
1 + r2
, (j = 1, 2, 3), (36)
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where x1 = x, x2 = y and x3 = z (see Fig. 1). Now, unlike the previous toy model (1) with
the undesirable degenerate solutions (11), the following set (ξ 6= 0) would not be anymore
a special massless solution of the new system (14):
R =
1
1 + (r + ξ)2
, θ = ±
√
2t, ψj = ± x
j
1 + r2
, (ξ 6= 0). (37)
Moreover, one can simply check that the following sets (ξ 6= 0) of functions R, θ and ψj
(j = 1, 2, 3), are not also the special solutions of the new system (14); meaning that, they
are not the common solutions of the PDE’s Si = 0 (i = 1, 2, · · · , 12) simultaneously:
R =
1
1 + (r + ξ)2
, θ = ±
√
2t, ψj = ± x
j
1 + (r + ξ)2
, (ξ 6= 0), (38)
R = 0, θ = ±
√
2t, ψj = ± x
j
1 + r2
, (39)
R =
1
1 + r2
, θ = ±
√
2t, ψj = 0, (40)
R =
1
1 + x2 + y2
, θ = ±
√
2t, ψj = ± x
j
1 + x2 + y2
, (41)
R =
1
1 + x2
, θ = ±
√
2t, ψj = ± x
j
1 + x2
. (42)
It should be noted that, the new system (14) does not even yield non-localized massless
solutions such as Eqs. (41) and (42). The lack of the non-localized massless solutions was
the main reason why we had to use three new fields ψ1, ψ2, and ψ3 to introduce the new
system (14). In fact, we did not succeed in finding a simpler system with one or two new
scaler field ψj without non-localized massless solutions.
Figure 1: The first (second) row is a four dimensional scheme for visualizing ψ1 = x[1 +
r2]−1 (R = [1 + r2]−1).
In general, for the static solutions, i.e. θ =
√
2t, R = R(x, y, z) and ψj = ψj(x, y, z)
(j = 1, 2, 3), conditions S2 = S3 = 0 are satisfied simultaneously similar to the same
toy model (1). But, now the static module function R(x, y, z) must participate in 10
completely different PDE’s as follows:
(∇R)2 = 4R3 − 4R4, (43)
∇ψi · ∇ψj = R2δij − 4R2ψiψj (i, j = 1, 2, 3), (44)
∇ψj · ∇R = −2ψj(2R− 1)R2, (j = 1, 2, 3). (45)
Since there are ten independent PDE’s (43)-(45) for four static scalar fields R(x, y, z)
and ψj(x, y, z) (j = 1, 2, 3), mathematically, the possibility of having a common solution
is exceptionally low. In general, since there are twelve independent conditions Si = 0,
7
just for five real scalar fields R, θ, and ψj (j = 1, 2, 3), it is mathematically very rare to
have a common (static or dynamic) solution. However, these coupled equations are built
deliberately in such a way that made Eq. (36) an exceptional static common solution.
In fact, we first consider Eq. (36), and then try to find the proper restrictive conditions
Si = 0 (i = 1, 2, · · · , 12) to support it as an exceptional massless solution. It should be
noted that we have not succeed to find a mathematical proof for the uniqueness of the
common solution (36) yet. On the other hand, even with much trial and error, we were not
able to find another massless solution. If one succeeds to find another massless solution
along with (36), it is possible to introduce more complicated systems via imposing new
scalar fields with the new additional restrictive conditions Si = 0 to be sure about the
uniqueness of a massless solitary wave solution. However, we can finally be sure about the
possibility of existence of a system with a single zero rest-mass solitary wave solution in
3 + 1 dimensions. In sum, it seems right that the special solution (36) is a single massless
solution and we use this name in the rest of the paper.
Note that ψj = ±xj(1 + r2)−1 (j = 1, 2, 3) are not spherically symmetric functions.
Therefore, since the Lagrangian density (14) is essentially Poincare´ invariant, any spheri-
cally rotation of those can be used instead. In other words, instead of ψj = ±xj(1 + r2)−1
(j = 1, 2, 3) in Eq. (36), for example, we can use ψ1 = ±(cos(α)x + sin(α)y)(1 + r2)−1,
ψ2 = ±(− sin(α)x + cos(α)y)(1 + r2)−1 and ψ3 = ±z(1 + r2)−1 (i.e. any arbitrary ro-
tation about z-axis), where α is any arbitrary angle. However, since all different spa-
tial rotations are physically equivalent, we can just consider the same simple functions
ψj = ±xj(1 + r2)−1 (j = 1, 2, 3) as the proper candidates for all of them.
According to Eqs. (22)-(33), since all terms in the energy density functional (72) are
positive definite, this property imposes a strong condition to ensure that the single massless
solution (36) is really an energetically stable object or a soliton solution; meaning that
any arbitrary deformation above the background of that leads to an increase in the total
energy. Any arbitrary small deformed version of the special solution (36) can be introduced
as follows:
R = (1 + r2)−1 + δR, θ =
√
2t+ δθ, ψj = ±xj(1 + r2)−1 + δψj , (j = 1, 2, 3) (46)
where δR, δθ, and δψj (small variations) are considered to be any arbitrary small functions
of space-time. If we insert (46) into εi (i = 1, 2, · · · , 12), we find
δεi = B[3(Ci + δCi)(Ki + δKi)2 − (Ki + δKi)3] = B[3(Ci + δCi)(δKi)2 − (δKi)3] ≈
B[3Ci(δKi)2 − (δKi)3] ≈ [3BCi(δKi)2] > 0. (47)
Note that, for the massless solution (36), Ki = 0 and εi = 0 (i = 1, 2, · · · , 12). Hence,
since Ci > 0, according to Eq. (47), δεi (i = 1, 2, · · · , 12), and then δE, are always positive
definite values for all small variations, that is, the massless solution (36) is energetically
stable. More precisely, for any arbitrary deformation, at least one of the Ki’s (or equiv-
alently one of the εi’s) would be a non-zero functional, which leads the energy density
functional (72) to be a non-zero positive function, and then the total energy would be
larger than zero. In other words, since the special massless solution (36) is single, other
solutions of the dynamical equations (17)-(19) all have non-zero positive rest energies, i.e.
the special solution (36) has the minimum energy among the others.
For more support, let us consider the energy variation for many arbitrary small de-
formations above the background of the special massless solution (36) numerically. For
example, a number of hypothetical deformations can be the same as the one introduced
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in Eq. (38) and eleven other cases as follows:
R = (1 + ξ)(1 + r2)−1, θ = ±
√
2t, ψj = ±xj(1 + r2)−1, (48)
R = (1 + r2)−1, θ = ±
√
2t, ψj = ±(1 + ξ)xj(1 + r2)−1, (49)
R = (1 + (r + ξ)2)−1, θ = ±
√
2t, ψj = ±xj(1 + r2)−1, (50)
R = (1 + ξ + r2)−1, θ = ±
√
2t, ψj = ±xj(1 + r2)−1, (51)
R = (1 + r2)−1, θ = ±
√
2t, ψj = ±xj(1 + ξ + r2)−1, (52)
R = (1 + r2)−1, θ = ±(
√
2 + ξ)t, ψj = ±xj(1 + r2)−1, (53)
R = (1 + r2)−1 + ξe−r
2
, θ = ±
√
2t, ψj = ±xj(1 + r2)−1, (54)
R = (1 + r2)−1, θ = ±
√
2t, ψj = ±(xj + ξ)(1 + r2)−1, (55)
R = (1 + r2)−1, θ = ±
√
2t, ψj = ±xj(1 + (r + ξ)2)−1, (56)
R = (1 + (1 + ξ)x2 + y2 + z2)−1, θ = ±
√
2t, ψj = ±xj(1 + r2)−1, (57)
R = (1 + r2)−1, θ = ±
√
2t, ψ1 = ±(x+ ξ)(1 + r2)−1,
ψ2 = ±y(1 + r2)−1, ψ3 = ±z(1 + r2)−1. (58)
where ξ is a small parameter and can be considered as an indication of the order of small
deformations. The case ξ = 0 leads to the same special massless solution (36). For such
arbitrary deformations (38) and (48)-(58) at t = 0, Fig. 2 demonstrates that a larger
deformation leads to a further increase in the total energy, as we expected. Furthermore,
it is obvious that parameter B has a main role in the stability of the special massless
solution (36), and its larger values leads to more stability (of the special solution). To put
it differently, the larger the values, the greater will be the increase in the total energy for
any arbitrary small variation above the background of the special massless solution (36).
Figure 2: Plots. a-l are representing variations of the total energy E versus small ξ for
different deformations (38) and (48)-(58) at t = 0, respectively. Various color curves of
blue, purple, green, black, and red are related to B = 1, B = 10, B = 100, B = 1000, and
B = 10000, respectively.
Using a relativistic boost, one can obtain easily the moving version of the single mass-
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less solitary wave solution (36). For example, if it moves in the x-direction, we have
R =
1
1 + γ2(x− vt)2 + y2 + z2 , θ = kµx
µ, ψ1 = ± γ(x− vt)
1 + γ2(x− vt)2 + y2 + z2 ,
ψ2 = ± y
1 + γ2(x− vt)2 + y2 + z2 , ψ3 = ±
z
1 + γ2(x− vt)2 + y2 + z2 , (59)
where kµ ≡ (γωs, γωsv, 0, 0). Since the model is completely relativistic, the total energy
of the moving version (59) of the special solution (36) is also zero. In fact, for the moving
version (59), as well as the static version (36), all independent scalars Si and Ki (i =
1, 2, · · · , 12) would be zero simultaneously. Thus, according to Eqs. (22)-(33), the energy
density function and subsequently the total energy, independent of the velocity, are zero.
However, based on all previous knowledge of numerical simulations about field evolutions
in interactions, we can imply that having a rigid entity without any small deformation is
generally impossible. In fact, the internal structure of any solitary wave solution would
be slightly deformed in the interactions. Therefore, for the special massless solution (36),
the rest-mass (energy) is never absolutely zero. In other words, the variations of the
fields δR, δψj (j = 1, 2, 3), δθ, do not remain zero in the interactions, hence δKi, δεi
(i = 1, 2, · · · , 12), and total energy are not absolute zero. Accordingly, since it is not
really a rigid entity with absolute zero rest-mass, the effect of any interaction may cause
its speed to approach the speed of light, but not exactly at the same speed as light.
4 The stability catalyzer for a non-zero rest-mass solution
In this section, we show how coupling an ordinary complex KG system with an extended
KG system, that has a single massless solution, generates a stable non-topological non-
zero rest-mass solution. For a single complex scalar field Φ, the well-known complex KG
Lagrangian density is defined as follows:
Lo = ∂νΦ∗∂νΦ− µ2|Φ|2, (60)
where µ is a constant. By varying the action of this Lagrangian density with respect to
Φ∗, one obtains the field equation:
2Φ =
∂2Φ
∂t2
−∇2Φ = −µ2Φ. (61)
Equivalently, we can change variables to the polar fields ρ(xν) = |Φ| and θ(xν) as defined
by
Φ(x, y, z, t) = ρ(x, y, z, t) exp[iθ(x, y, z, t)]. (62)
In terms of polar fields, the Lagrangian density (60) and the related dynamical field
equation (61), turn into
Lo = (∂µρ∂µρ) + ρ2(∂µθ∂µθ)− µ2ρ2, (63)
and
2ρ− ρ(∂µθ∂µθ − µ2ρ) = 0, (64)
∂µ(ρ
2∂µθ) = 0, (65)
respectively. The related Hamiltonian (energy) density is:
εo = Φ˙Φ˙
∗ +∇Φ · ∇Φ∗ + µ2|Φ|2 = ρ˙2 + (∇ρ)2 + ρ2[θ˙2 + (∇θ)2 + µ2]. (66)
Now, for µ =
√
2 and S2 = ∂µθ∂µθ − 2, we can consider a new model as follows:
L = Lo + Lm + Lcat = [(∂µρ∂µρ) + ρ2S2] + [R2S2] + [B
12∑
i=1
K3i ] (67)
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where Lo is the same as original complex KG Lagrangian density (63), Lm can be called
the mass generator Lagrangian density, and Lcat can be called the catalyzer Lagrangian
density (14). In this model, the phase field θ is the same for all of these three different
parts. Accordingly, the general dynamical equations are:
2ρ− ρS2 = 0 (68)
2R2S2 + 3B
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µR)
+Ki∂µ
(
∂Ki
∂(∂µR)
)
−Ki∂Ki
∂R
]
= 0, (69)
2∂µ(A∂
µθ) + 2∂µ(R∂
µθ) + 3B
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µθ)
+Ki∂µ
(
∂Ki
∂(∂µθ)
)]
= 0. (70)
12∑
i=1
Ki
[
2(∂µKi) ∂Ki
∂(∂µψj)
+Ki∂µ
(
∂Ki
∂(∂µψj)
)
−Ki∂Ki
∂ψj
]
= 0. (j = 1, 2, 3) (71)
Also, the energy density would be obtained as follows:
ε = εo + εm + εcat =
(
ρ˙2 + (∇ρ)2 + ρ2[θ˙2 + (∇θ)2 + 2]
)
+
(
R2[θ˙2 + (∇θ)2 + 2]
)
+
(
B
12∑
i=1
K2i [3Ci −Ki]
)
, (72)
where εo, εm, and εcat are the same original complex KG energy density (66), the mass
generator energy density, and the catalyzer energy density belonging to Lo, Lm, and Lcat,
respectively.
For the coupled dynamical equations (68)-(71), the same Eq. (36) would again be a
solution provided ρ is a constant, but now it is not a massless solution anymore. In order
to have a solution with minimum energy, constant ρ must tend to zero. However, for the
special solution (36), εo = εcat = 0, but εm is a non-zero function. Therefore, the rest
energy of the special solution (36) would be obtained:
Eo =
∫
εmd
3x =
∫ ∞
0
16pir2
(1 + r2)2
dr = 4pi2 ≈ 39.4784. (73)
In general, mathematically it can be proved that the special solution (36) is again an
energetically stable entity provided we use a system with a large parameter B. The proof
is exactly what has been done before in detail in [65,66], and therefore we have no reason
to repeat the same material here. However, we can study numerically the variation of
the total energy for all arbitrary deformations (38) and (48)-(58) in the context of the
new system (67) again. Figure. (3) demonstrates that for large values of parameter B,
the energetically stability of the special solution (36) would be guaranteed appreciably. In
fact, the catalyzer Lagrangian density Lcat behaves like a massless spook, which surrounds
the special solution (36) and guarantees the stability of the special solution (36). It does
not appear in any of the observable.
One may ask a logical and correct question about the role of the field ρ in this model.
Since we finally take it to be zero and it has no role in the stability and the mass of the
special solution (36), one has the right to see it as an insignificant field. However, from
the standard quantum field theory we learnt that for a KG particle the interactions with
other particles are done by the field ρ = |Φ| 2. Therefore, although field ρ is considered
to be zero for a single particle-like solution, it is necessary to be considered, because it
is used to define the interaction with other particles, that is, it is not absolutely zero in
interaction. Hence, we expect ρ to be a non-zero field in collisions by which different
2In such cases, the field ρ = |Φ| must be coupled, for example, with an electromagnetic or Dirac field.
In other words, for interactions, the form of the original Lagrangian density Lo would be extended by
adding some standard terms according to the quantum field theory.
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Figure 3: Plots. a-l are representing variations of the total energy E versus small ξ for
different deformations (38) and (48)-(58) at t = 0 in the context of the new system (67),
respectively. Various color curves of blue, purple, green, black, and red are related to
B = 1, B = 10, B = 100, B = 1000, and B = 10000, respectively.
particles feel each other. This classical model distinguishes between the interactional
and particle properties, and the study of the interactional properties is the main task of
the quantum field theory. In fact, the particle and interactional identities are generated
by Lm + Lcat and Lo, respectively. More precisely, for the special solution (36), Lm is
responsible to generate the mass, Lcat guarantees the stability, and Lo is responsible for
interactions with other particles. However, there are many questions about this model.
For example, can such models be used for fundamental real particles? Or the fact that
the energy of any particle is proportional to a specific frequency via a universal Planck’s
constant, i.e. E = ~ω, but why this model does not yield such a result? The next point
is that such a model gives us particles that are definitely stable, but many tiny particles
are not fundamentally stable and have a limited lifetime, and so on.
5 Summary and conclusion
We introduced an extended KG system (14) in the 3 + 1 dimensions which leads to a sin-
gle massless solitary wave solution (36). This model (14) is based on introducing twelve
independent scalar functionals Ki’s (i = 1, 2, · · · , 12) of five scalar fields R, θ and ψj
(j = 1, 2, 3). In general, all terms in the related dynamical equations (17)-(19) contain the
first or second power of one of the Ki’s. Also, all terms in the energy density function are
positive definite and all contain the square of one of the twelve independent functionals
Ki’s. Thus, the solutions for which all Ki’s equal zero simultaneously, are the special
massless solutions. Nevertheless, considering twelve independent conditions Ki = 0 for
five scalar fields, mathematically is not possible to be satisfied simultaneously in general.
However, we built this model in such a way that there is an exceptional massless solution
(36) for which Ki = 0 (i = 1, 2, · · · , 12). The single massless solution (36), if it is consid-
ered a rigid entity, in response to any amount of force, no matter how tiny, immediately
approaches the speed of light. However, practically it is not a rigid object with absolute
zero rest-mass, that is, it would be deformed in interactions and then it can never move
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exactly at the speed of light.
Since the special massless solution (36) is single, also, since all terms in the energy
density function (see Eqs. (22)-(33)) are positive definite, thus the energetically stability
of the special massless solution (36) is guaranteed properly; meaning that, any arbitrary
deformation above the background of that leads to an increase in the total energy. In
other words, the other solutions of the system (1), for which certainly at least one of the
Ki’s is a non-zero functional, have non-zero positive total energies; that is, the energy
of the single massless solution (36) would be minimum among the others. Accordingly,
we can call the special solution (36) a (massless) soliton solution. To summarize, this
model shows that the relativistic classical field theory can lead to the stable zero rest-
mass particle-like solutions in 3+1 dimensions. However, in the real world, such particles,
if they exist, cannot have absolutely zero rest-mass and are affected by the environment.
The expectation that this model necessarily describes a particular physical particle in the
nature has not been the goal of this article.
Furthermore, we introduced another field system with a stable particle-like non-zero
rest-mass solution. In fact, it is the result of a coupling between an extended KG sys-
tem and an ordinary complex KG system. Lagrangian density in this system is divided
into three separate parts Lo, Lm, and Lcat, which are named the original complex KG
Lagrangian density (60), the mass generator Lagrangian density, and the catalyzer La-
grangian density (14), respectively. The catalyzer Lagrangian density, which has been
sufficiently examined in the previous sections, does not have any energy, but is responsible
to guarantee the stability of the particle-like solution (36). The stability for the special
solution would be intensified by taking into account the larger values of parameters B
which appeared in Lcat. In other words, the larger the values, the greater will be the
increase in the total energy for any arbitrary small variation above the background of the
special solution. The mass generator Lagrangian density is responsible to create the mass
of the special solution (36). The interactions with other particles, according to quantum
field theory, must be identified by the original complex KG Lagrangian density (60).
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